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The ultrarelativistic boosting procedure had been applied in the literature to map the
metric of Schwarzschild-de Sitter spacetime into a metric describing de Sitter spacetime
plus a shock-wave singularity located on a null hypersurface. This paper evaluates the
Riemann curvature tensor of the boosted Schwarzschild-de Sitter metric by means of
numerical calculations, which make it possible to reach the ultrarelativistic regime grad-
ually by letting the boost velocity approach the speed of light. Thus, for the first time
in the literature, the singular limit of curvature, through Dirac’s δ distribution and its
derivatives, is numerically evaluated for this class of spacetimes. Moreover, the analy-
sis of the Kretschmann invariant and the geodesic equation shows that the spacetime
possesses a “scalar curvature singularity” within a 3-sphere and it is possible to define
what we here call “boosted horizon”, a sort of elastic wall where all particles are sur-
prisingly pushed away, as numerical analysis demonstrates. This seems to suggest that
such “boosted geometries” are ruled by a sort of “antigravity effect” since all geodesics
seem to refuse to enter the “boosted horizon” and are “reflected” by it, even though
their initial conditions are aimed at driving the particles towards the “boosted horizon”
itself. Eventually, the equivalence with the coordinate shift method is invoked in order to
1
October 5, 2018 0:44 WSPC/INSTRUCTION FILE boosted
2 E. Battista, G. Esposito, P. Scudellaro, F. Tramontano
demonstrate that all δ2 terms appearing in the Riemann curvature tensor give vanishing
contribution in distributional sense.
Keywords: boost, black hole, singularity
1. Introduction
The subject of gravitational fields generated by sources which move at the speed of
light has been extensively studied in the literature because of its close connection to
the topic of gravitational wavesa, whose direct detection remains extremely difficult,
since one normally deals with a very weak signal. The first who dealt with this
aspect of general relativity was Tolman in 1934 [1], who studied the gravitational
field of light beams and pulses in the linearized theory. But it was only in 1971
that Aichelburg and Sexl [2] developed a method to describe the gravitational field
associated to a massless point particle moving at the speed of light in Minkowski
spacetime (i.e. the gravitational field from a single photon). In fact in Ref. [2] the
authors first derive this field by solving the linearized Einstein field equations for
a particle with rest mass m moving uniformly with velocity v. Then they take the
limit v → 1 while the mass of the particle tends to zero in such a way that its
energy remains finite. After that, they start with the full Einstein theory and the
Schwarzschild metricb (the exact metric describing a particle at rest), which written
in isotropic coordinates reads as
ds2 =
(1−A)2
(1 +A)2
dt2 − (1 +A)4(dx2 + dy2 + dz2), (1.1)
with A = m/2r and r2 = x2 + y2 + z2. Afterwards they apply to this metric a
Lorentz transformation
t¯ = (1− v2)−1/2(t+ vx), (1.2)
x¯ = (1− v2)−1/2(x+ vt), (1.3)
y¯ = y, (1.4)
z¯ = z, (1.5)
to obtain the gravitational field as seen by an observer moving uniformly with
velocity v relative to the mass. Once the limits v → 1 and m → 0 are taken,
Aichelburg and Sexl obtain the remarkable result that both the linearized solution
and the exact solution agree completely.
The method first developed by Aichelburg and Sexl is called in the literature
“the boost of a metric”. With this procedure it is possible to show that the gravi-
tational field of a null source is nonvanishing on a plane containing the particle and
aIn particular we talk about gravitational shock-waves.
bFor a modern and innovative review of Schwarzschild solution see Ref. [3].
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orthogonal to the direction of motion, i.e. (asymmetric) plane-fronted gravitational
waves. The Riemann curvature tensor is zero everywhere except on this plane,
where it assumes a distributional nature. The intriguing fact is that the boosted
metric in the ultrarelativistic regime (v → 1) has a new type of singularity, i.e.
a distributional (Dirac-delta-like) singularity. The boosted ultrarelativistic metric
obtained in Ref. [2] reads indeed as
ds2 = dt¯ 2 − dx¯2 − dy¯2− dz¯2− 4p{(|t¯− x¯|)−1 − 2δ(t¯ 2 − x¯2) log√y¯ + z¯ }(dt¯− dx¯)2,
(1.6)
with p ≡ m/√1− v2. Thus, the gravitational field turns out to travel with the
particle, being zero everywhere except at the hypersurface t¯ = x¯. Moreover, as
anticipated before, the Riemann tensor of (1.6) is zero everywhere except on the
hypersurface t¯ = x¯ and has nonvanishing components given by [2]
R0202 = 4p δ(t¯− x¯)
[
y¯2 − z¯2
(y¯2 + z¯2)2
+ πδ(y¯)δ(z¯)
]
, (1.7)
R0303 = 4p δ(t¯− x¯)
[
y¯2 − z¯2
(y¯2 + z¯2)2
− πδ(y¯)δ(z¯)
]
, (1.8)
R0203 = −4p δ(t¯− x¯) 2y¯z¯
(y¯2 + z¯2)2
, (1.9)
with the other components related to the ones given above by symmetry. An im-
portant remark should be made at this point, since the Riemann tensor is perfectly
defined as it contains the tensor product of Dirac’s δ distributions (and not their
multiplications). The only elements which are “poorly defined” in (1.7)–(1.9) are
represented by the functions
y¯2 − z¯2
(y¯2 + z¯2)2
, (1.10)
and
2y¯z¯
(y¯2 + z¯2)2
, (1.11)
which are not locally integrable on the (y, z)-plane and, therefore, do not define,
a priori, any distribution. Of course, their “regularization” (a la Gel’fand, see for
example Ref. [4]) is straightforward: the integration is understood in such a way
that we first integrate over the set y2 + z2 > ǫ and then pass to the limit ǫ→ 0.
In order to give a precise meaning to expressions (1.7)–(1.9), instead of trans-
forming the Schwarzschild metric (1.1), the authors of Ref. [2] have applied the
Lorentz transformations (1.2)–(1.5) directly to the components of the Riemann
tensor and then they have investigated the regime v → 1. In this way, with the help
of tetrad formalism, Aichelburg and Sexl have obtained relations which are valid
only for those spacetime points where y¯2 + z¯2 6= 0. In particular, they obtain again
the relations (1.7)–(1.9), but without the functions δ(y¯)δ(z¯) which vanish because
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of the condition y¯2 + z¯2 6= 0. This fact shows that on the hypersurface x¯ = t¯ the
Riemann tensor has a δ-like singularity and is exactly of Petrov type N (i.e. all
four principal null directions of the Weyl spinor, describing the Weyl conformal
curvature, coincide).
Years after the work by Aichelburg and Sexl, more general impulsive waves were
obtained by boosting other black hole spacetimes with rotation, charge and a cos-
mological constant [8,5,6,7,8,9,10,11,12,13]. The technique of boosting a spacetime
metric in fact has a lot of applications in theoretical physics. The work in Ref. [14],
for instance, shows that the black hole formation caused by the collision of two
particles with large relative velocity (v → 1), and considered in the rest frame of
one of the particles, involves the concept of boosted metric: the gravitational field
of the other particle is described by the ultrarelativistic boosted Schwarschild-de
Sitter metric. Moreover, the collisions of shock-waves and heavy ions as well as the
entropy that is consequently produced [15] appeal to the boost procedure, also in
the context of higher dimensions [16] and branes [17,18,19,20]. Furthermore, it is
possible to study the formation of marginally trapped surfaces in the head-on colli-
sion both of two shock-waves [21] and of two ultrarelativistic charged particles [22]
in de Sitter space by using the procedure of boosting a metric, since for example
in the latter case the metric of the two charges is obtained by boosting Reissner-
Nordstro¨m-de Sitter spacetime to the speed of light, while with similar arguments
it is shown in Ref. [23] that the collision of two Reissner-Nordstro¨m gravitational
shock-waves in anti-de Sitter space prevents the formation of marginally trapped
surfaces of Penrose type. Finally, the concept of a boosted metric can be used as a
tool to describe (de Sitter) spacetime from a quantum point of view [24].
Our main attention here will be devoted to the work in Refs. [7], [13] where it has
been shown in detail how to map, through a boosting procedure, the Schwarzschild-
de Sitter metric
ds2 = −
(
1− 2m
r
− r
2
a2
)
dt2 +
dr2(
1− 2mr − r
2
a2
) + r2(dθ2 + sin2 θ dφ2), (1.12)
into the highly singular formc (with v → 1)
ds2 =− dY 20 + dY 21 + dY 22 + dY 23 + dY 24
+ 4p
[
−2 + Y4
a
log
(
a+ Y4
a− Y4
)]
δ(Y0 + Y1)(dY0 + dY1)
2,
(1.13)
where the first line describes de Sitter space viewed as a four-dimensional hyper-
boloid of radius a having equation
(Y0)
2 = −a2 + (Y1)2 + (Y2)2 + (Y3)2 + (Y4)2, (1.14)
embedded into flat five-dimensional space, while the second line of (1.13) describes
a shock-wave singularity located on the null hypersurface having equations
Y0 + Y1 = 0, (1.15)
cFor the manifestly four-dimensional form of metric (1.13) see Appendix Appendix B.
October 5, 2018 0:44 WSPC/INSTRUCTION FILE boosted
Riemann curvature of a boosted spacetime geometry 5
(Y2)
2 + (Y3)
2 + (Y4)
2 − a2 = 0, (1.16)
equation (1.16) being obtained by the joint effect of the hyperboloid constraint
(1.14) and the Dirac-delta condition (1.15). Since the metric is turned into a mathe-
matical object having distributional nature, the usual spacetime picture is no longer
valid, but it would be very interesting to evaluate the effect of these shock-wave
singularities on curvature. The great revolution introduced by Einstein’s theory
consists in fact in viewing the gravitational field as the curvature of spacetime.
Such a curvature is directly coupled to the energy and momentum of whatever
matter and radiation are present, as specified by the Einstein field equations whose
content states that “the matter and the energy say to the spacetime how to curve,
and the curvature of spacetime says to the matter how to move” [25]. Thus, one
of the most important objects of the theory of the gravitational field is the Rie-
mann tensor, since it is an intrinsic object that catches in an elegant and covariant
way the features of spacetime curvature. Therefore it could be of great physical
importance to evaluate the Riemann tensor for this type of geometries, i.e. “the
boosted geometries”. (To fully appreciate the importance of this tensor see Ap-
pendix Appendix A).
Since “gravitation is a manifestation of spacetime curvature, and curvature
shows up in the deviation of one geodesic from a nearby geodesic” [25], the concept
of spacetime curvature is directly related to the geodesic completeness of spacetime,
as we say that a spacetime manifold is geodesically complete if any geodesic can
be extended to arbitrary values of the affine parameter. Thus, knowledge of the
Riemann curvature tensor is an essential step towards the description of topologi-
cal features of spacetime and this motivates the effort we made in calculating the
Riemann tensor for the boosted Schwarschild-de Sitter metric.
We stress that the definitions (A.1)–(A.5) are given in terms of objects that,
unlike the ones we will handle, have no distributional singularities (cfr (1.13)). Thus,
in this article we are interested in a sort of generalization of the usual concept
of Riemann tensor, which enlarges the notion of curvature, i.e. what we call the
“boosted Riemann tensor”, with a particular interest in the ultrarelativistic regime,
where distributional singularities show up. By virtue of the high difficulty of dealing
with the metric (1.13), we decided to start from its low-velocity limit and then to
reach the ultrarelativistic regime via numerical calculations. For this purpose, Sec.
II evaluates the procedure to obtain the boosted Schwarzschild-de Sitter metric
in manifestly four-dimensional form. Then, it is shown that the basis defined by
the boost procedure is a coordinate basis, a property that greatly simplifies the
calculations performed. In Sec. III the analysis of both the Kretschmann invariant
and the geodesic equation allows us to characterize the features of curvature.
An important question arises while dealing with Secs. II-III, i.e. how to deal with
the Riemann curvature tensor when it has terms proportional to δ2. In fact from
(1.13) it is easy to understand that the Riemann tensor has got terms involving
the products of two Dirac’s δ distributions (a formal method to cope with multi-
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plication of distributions can be found in Ref. [26]). This means that the “boosted
Riemann tensor” of the “boosted geometry” we are going to describe is in princi-
ple not defined. Anyway, we will be able to show that the δ2 terms appearing in
the “boosted Riemann tensor” vanish in a distributional sense. Unlike the (rather
simple) example discussed in Ref. [2], we will achieve this point in a more difficult
way, since the high difficulty of metric (1.13) makes it quite impossible to write
down explicitly all the boosted Riemann tensor components, as anticipated above.
For this reason in Sec. IV we will make use of an equivalent method to describe
the gravitational shock-wave of a massless particle, i.e. the coordinate shift method
[27,28] (or the scissors-and-paste method by Penrose [29]). The equivalence of this
method and the boosting procedure has been demonstrated by the authors of Ref.
[27], where it is explicitly shown that with the new approach it is possible to recover
the results of Aichelburg and Sexl. By exploiting this equivalence between the two
methods, we will be able to show in which sense the δ2 terms appearing in the
Riemann tensor of metric (1.13) can be seen as vanishing, leading to a well defined
spacetime function (in the sense of distributions). Concluding remarks and open
problems are presented in Sec. V.
2. The “boosted” Riemann curvature tensor
Following Refs. [7], [13] we can express a de Sitter spacetime in four dimensions as a
four-dimensional hyperboloid of radius a embedded in five-dimensional Minkowski
spacetime having metric
ds2M = −dZ20 + dZ21 + dZ22 + dZ23 + dZ24 , (2.1)
with coordinates satisfying the hyperboloid constraint
a2 = −(Z0)2 + (Z1)2 + (Z2)2 + (Z3)2 + (Z4)2. (2.2)
By exploiting the relations between the Zi (i = 0, 1, 2, 3, 4) coordinates and the
spherical static coordinates (t, r, θ, φ)
Z0 ≡
√
a2 − r2 sinh(t/a), (2.3)
Z1 ≡ r cos θ, (2.4)
Z2 ≡ r sin θ cosφ, (2.5)
Z3 ≡ r sin θ sinφ, (2.6)
Z4 ≡ ±
√
a2 − r2 cosh(t/a), (2.7)
and on defining
f2 ≡ a2 − r2 = (Z4)2 − (Z0)2, (2.8)
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Fm ≡ 1− 2a
2m
f2r
− a
2/r2(
1− 2a
2m
f2r
) , (2.9)
Q ≡ 1 + 2(Z0)
2
f2
, (2.10)
we can express the Schwarschild-de Sitter metric (1.12) in the form
ds2 = h00dZ
2
0 + h44dZ
2
4 + 2h04dZ0dZ4 + dZ
2
1 + dZ
2
2 + dZ
2
3 , (2.11)
where
h00 ≡ −1
2
(Q− 1)Fm −
(
1− 2a
2m
f2r
)
− (Z0)
2
r2
, (2.12)
h44 ≡ −1
2
(Q+ 1)Fm +
(
1− 2a
2m
f2r
)
− (Z4)
2
r2
, (2.13)
h04 ≡ Z0Z4
f2
Fm +
Z0Z4
r2
. (2.14)
At this stage, we introduce a Lorentz boost in the Z1-direction by defining a new
set of coordinates independent of v, i.e. the Yi coordinates, such that (hereafter
γ ≡ 1/√1− v2 )
Z0 = γ (Y0 + vY1) , (2.15)
Z1 = γ (vY0 + Y1) , (2.16)
Z2 = Y2, Z3 = Y3, Z4 = Y4. (2.17)
Thus, starting from (2.11) jointly with (2.15)–(2.17) we eventually obtain the
boosted Schwarzschild-de Sitter metric
ds2 =γ2
(
h00 + v
2
)
dY 20 + γ
2
(
1 + v2h00
)
dY 21 + dY
2
2 + dY
2
3 + h44dY
2
4
+ 2vγ2 (1 + h00) dY0dY1 + 2γh04dY0dY4 + 2vγh04dY1dY4,
(2.18)
whose singular ultrarelativistic limit is expressed by (1.13). Thus, we can interpret
(2.18) as the low-velocity limit of (1.13).
The spacetime metric (2.18) is apparently expressed by a 5 × 5 matrix while
the original metric (1.12) is expressed through 4 local coordinates t, r, θ, φ. Hence
also the metric (2.18) should be eventually expressed through 4 coordinates only,
if one wants to arrive at a formula for the curvature, since our reference spacetime
remains four-dimensional. To restore the usual four-dimensional form of the metric,
we have to exploit the constraint (2.2) expressed in terms of Yi coordinates, i.e. Eq.
(1.14). By virtue of this condition we can write
Y0 =
√
−a2 + (Y1)2 + (Y2)2 + (Y3)2 + (Y4)2 ≡
√
σ(Yµ), (2.19)
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dY0 =
∑4
µ=1 YµdYµ√
σ(Yµ)
, (2.20)
and eventually, using (2.19) and (2.20), we obtain the manifestly four-dimensional
form of the boosted metric (2.18), which can be expressed by the relations
g11 =
γ2
(
h00 + v
2
)
σ
(Y1)
2 + γ2
(
1 + v2h00
)
+
2vγ2 (1 + h00)√
σ
Y1, (2.21)
g22 =
γ2
(
h00 + v
2
)
σ
(Y2)
2 + 1, (2.22)
g33 =
γ2
(
h00 + v
2
)
σ
(Y3)
2 + 1, (2.23)
g44 =
γ2
(
h00 + v
2
)
σ
(Y4)
2 + h44 +
2γh04√
σ
Y4, (2.24)
g12 =
γ2
(
h00 + v
2
)
σ
Y1Y2 +
vγ2 (1 + h00)√
σ
Y2, (2.25)
g13 =
γ2
(
h00 + v
2
)
σ
Y1Y3 +
vγ2 (1 + h00)√
σ
Y3, (2.26)
g14 =
γ2
(
h00 + v
2
)
σ
Y1Y4 +
vγ2 (1 + h00)√
σ
Y4 +
γh04√
σ
+ vγh04, (2.27)
g23 =
γ2
(
h00 + v
2
)
σ
Y2Y3, (2.28)
g24 =
γ2
(
h00 + v
2
)
σ
Y2Y4 +
γh04√
σ
Y2, (2.29)
g34 =
γ2
(
h00 + v
2
)
σ
Y3Y4 +
γh04√
σ
Y3. (2.30)
Having obtained the formulas (2.21)–(2.30), we can evaluate the Riemann-
Christoffel symbols and consequently the Riemann curvature tensor of the boosted
Schwarzschild-de Sitter metric by using the familiar relations of classical general
relativity. The most general form of Riemann-Christoffel symbols reads as follows
[25] (a, b, c being abstract indices):
Γabc =
1
2
(gab,c + gac,b − gbc,a + cabc + cacb − cbca) , (2.31)
where the “commutation coefficients” cabc are defined by
[eb, ec] ≡ c abc ea, (2.32)
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with {ea} being any noncoordinate basis. Last, the components of the Riemann
tensor are given by
Rabcd = Γ
a
bd,c − Γabc,d + ΓebdΓaec − ΓebcΓaed − Γabec ecd . (2.33)
We can somewhat simplify the relations (2.31), (2.33) in the case in which
{
∂
∂Yµ
}
(µ being a coordinate index such that µ = 1, 2, 3, 4) is a coordinate basis. As we
know, the static spherical basis (t, r, θ, φ) is indeed a coordinate basis. Bearing
in mind definitions (2.3)–(2.7), the Jacobian of the transformation between the
spherical coordinates and the
{
∂
∂Zµ
}
is expressed by
J λµ =


0 cos θ −r sin θ 0
0 sin θ cosφ r cos θ cosφ −r sin θ sinφ
0 sin θ sinφ r cos θ sinφ r sin θ cosφ√
a2 − r2
a
sinh(t/a)
−r√
a2 − r2 cosh(t/a) 0 0

 ,
(2.34)
while the inverse Jacobian reads as
(J−1) µλ =

a r cos θ coth(t/a)
(a2 − r2)
a r cosφ sin θ coth(t/a)
(a2 − r2)
a r sin θ sinφ coth(t/a)
(a2 − r2)
a (sinh(t/a))
−1
√
a2 − r2
cos θ cosφ sin θ sin θ sinφ 0
− sin θ/r cos θ cosφ/r cos θ sinφ/r 0
0 − sinφ
r sin θ
cosφ
r sin θ
0


.
(2.35)
By virtue of (2.34) and (2.35), if we adopt the concise notation xλ ≡ (t, r, θ, φ) we
can write
∂
∂Zµ
= (J−1) µλ
∂
∂xλ
, (2.36)
and, by exploiting the fact that
{
∂
∂xλ
}
is a coordinate basis, after a lengthy calcu-
lation we arrive at the conclusion that also the basis
{
∂
∂Zµ
}
is a coordinate basis,
or in other words we have that [
∂
∂Zµ
,
∂
∂Zλ
]
= 0. (2.37)
The relations (2.15)–(2.17) for the boost show that the transformations between
Zµ and Yµ are linear, therefore we can easily conclude that[
∂
∂Yµ
,
∂
∂Yλ
]
= 0, (2.38)
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hence the basis
{
∂
∂Yµ
}
is a coordinate basis as well.
This means that we can evaluate the Riemann-Christoffel symbols and the Rie-
mann curvature tensor for the boosted spacetime metric (2.21)–(2.30) by setting
cabc = 0 in the relations (2.31), (2.33). Nevertheless, these relations are still too
complicated to be computed analytically, and therefore a numerical calculation has
been necessary. Formulas (2.21)–(2.30) show indeed that we are dealing with a
spacetime metric represented by a 4× 4 matrix whose elements are given by some
complicated nonvanishing functions of the Yµ coordinates. That is why we first
tried to compute the Riemann curvature tensor analytically in terms of tetrads (see
Appendix Appendix B) before realizing that even this solution was far too compli-
cated. Thus, the only way we had to compute the Riemann-Christoffel symbols and
the Riemann tensor was represented by numerical calculations. In this way we can
evaluate the behavior of spacetime curvature also in the ultra-relativistic regime,
which is the one we are mainly interested in, by letting the velocity defined by the
boost relations (2.15)–(2.17) approach gradually the speed of light.
In what follows we discuss the results of our computation mainly by studying
curvature invariants and the behavior of geodesics in our reference spacetime. We
in fact think that these features represent the best tools to describe physically the
concept of spacetime curvature.
3. The Kretschmann invariant
Intuitively, a spacetime singularity is a “place” where the curvature “blows up”
[30] or, by analogy with electrodynamics, a point where the metric tensor is either
not defined or not suitably differentiable [31]. Regrettably, both these statements
are not rigorous definitions that can characterize the concept of singularity. First
of all, since in general relativity we do not know the manifold and the metric
structure in advance (they are solutions of Einstein field equations), we are not
able to give a physical sense to the notion of an event until we solve Einstein
equations, and hence the idea of a singularity as a “place” has not a satisfactory
meaning. Moreover, also the notion of curvature becoming larger and larger as
a general criterion for singularities has pathological problems. In fact, the bad
behavior of components or derivatives of the Riemann tensor could be ascribed
to the coordinate or tetrad basis used. To avoid this problem, one might examine
scalar curvature invariants constructed from the Riemann tensor or its covariant
derivatives, which in some cases can completely characterize the spacetime (see Refs.
[32,33] for further details). However, even if the value of some scalar invariants is
unbounded, curvature might blow up only “as one goes to infinity”, a case that we
would interpret as a singularity-free spacetime [30]. Furthermore, spacetimes may
be singular without any bad behavior of the curvature tensor (the so-called “conical
singularities” [30]). Lastly, the bad behavior of the metric tensor at some spacetime
points cannot be a way to define singularities, as one could always cut out such
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points and hence the remaining manifold, representing the whole spacetime, would
turn out to be nonsingular.
A more satisfactory idea to define singularities is to use the notion of incom-
pleteness of timelike geodesics, i.e. geodesics which are inextendible in at least one
direction and hence have only a finite range of affine parameter. This has the im-
mediate physical interpretation that there exist freely moving observers or particles
whose histories did not exist after (or before) a finite interval of proper time. Al-
though the physical meaning of affine parameter on null geodesics is different from
the case of timelike geodesics, we could also regard null geodesic incompleteness as
a good criterion to define spacetime singularities. Thus, timelike and null geodesic
completeness are minimum conditions for spacetime to be considered singularity-
free [31]. However, as there are examples of geodesically complete spacetimes which
contain an inextendible timelike curve of bounded acceleration and finite length
[34], we should generalize the concept of affine parameter to all C1 curves, no
matter whether they are geodesics or not. This fact is linked to the concept of b-
completeness (short for bundle completeness), which we shortly describe following
Refs. [31,35] in Appendix Appendix C.
Therefore, we can classify a singularity represented by the presence of at least
one incomplete geodesic according to whether [30]
(1) a curvature invariant blows up along a geodesic (“scalar curvature singularity”),
(2) a component of the Riemann tensor or its covariant derivatives in a parallelly
propagated tetrad blows up along a geodesic (“parallelly propagated curvature
singularity”),
(3) no such invariant or component blows up (“noncurvature singularity”).
We can therefore understand the importance of scalar curvature invariants in the
analysis of spacetime singularities. Being coordinate independent, curvature invari-
ants can describe the size of curvature and its growth along timelike curves, and can
also characterize curvature singularities [36], while providing important information
about the nature of singularities. For example, in the case of Schwarzschild metric,
which can be obtained from (1.12) if we put a = ∞ (for an unambiguous defini-
tion of the notion of limit applied to spacetimes see Ref. [37]), the Kretschmann
invariant (i.e. the Riemann tensor squared) is such that
RαβγδRαβγδ = 48m
2/r6, (3.1)
in agreement with the fact that in all coordinate systems the real singularity is
located only at r = 0 and not also at r = 2M (i.e. the event horizon).
In order to study the features of the Riemann curvature of spacetime described
by the metric (1.13), we therefore decided to plot the Kretschmann invariant at
different values of boost velocity v and study the geodesic equation
Y¨ µ(s) + ΓµνλY˙
ν(s)Y˙ λ(s) = 0, (3.2)
October 5, 2018 0:44 WSPC/INSTRUCTION FILE boosted
12 E. Battista, G. Esposito, P. Scudellaro, F. Tramontano
s being the affine parameter of the geodesic having parametric equation Y µ =
Y µ(s).
From the analysis of the Kretschmann invariant we found that it is not defined
unless the inequality (hereafter, numerical values of Y coordinates have downstairs
indices, to be consistent with the notation in Sec. II)
(Y1)
2 + (Y2)
2 + (Y3)
2 + (Y4)
2 > a2, (3.3)
is satisfied. Hence, we see that the hyperboloid constraint, condition (1.14), allows
us to define a 3-sphere of radius a where the Kretschmann invariant is not defined.
This peculiar feature of our “boosted spacetime geometry” is indeed obvious if we
look at formulas (2.21)–(2.30), as here the quantities σ and
√
σ always appear at
the denominator of the expressions of the metric tensor gµν , which means that the
metric is defined only if the inequality (3.3) holds. Moreover, it is possible to derive
Eq. (3.3) in the regime v < 1 from the analysis of the Kretschmann invariant for the
Schwarzschild-de Sitter metric (1.12). In fact for (1.12) the Kretschmann invariant
reads as
RαβγδRαβγδ = 24
(
1
a4
+
2m2
r6
)
, (3.4)
which reduces to (3.1) in the limit a = ∞. Therefore, it follows immediately from
(3.4) that the Schwarzschild-de Sitter metric (1.12) has an unique singularity lo-
cated at r = 0. Equation (E.9) clearly shows that the condition r = 0 leads to√
γ2(v
√
σ + Y1)2 + (Y2)2 + (Y3)2 = 0, (3.5)
which, being defined by the sum of squared quantities, in turns implies that

v
√
σ + Y1 = 0
Y2 = 0
Y3 = 0.
(3.6)
Thus, because of the presence of the term
√
σ, the condition r = 0 is equivalent to
(3.6), provided that σ ≥ 0. If we now bear in mind that (2.21)–(2.30) prevent σ from
vanishing, we can conclude that the only possible choice is σ > 0, which is equiva-
lent to (3.3). In other words, the presence of the 3-sphere where the Kretschmann
invariant is not defined follows directly from the condition r = 0 which makes the
curvature invariant (3.4) diverge. This fact can be interpreted as a hint indicating
that this 3-sphere could represent a singularity of our “boosted geometry”. Even-
tually, if we interpret Y0 as the time coordinate (see (2.15)), we can view (3.3) as a
condition on time.
In the Y1 − Y2 plane this 3-sphere becomes the circle with center at Y1 = Y2 =
0 and radius a of Fig. 1, which represents a contour plot of the Kretschmann
invariant, i.e. a plot where each different color corresponds to different values of the
Kretschmann invariant and these values increase as we approach this circle.
Another interesting feature of “boosted geometries” that we have found con-
sists in the presence of a sort of barrier surrounding the 3-sphere, which we may
October 5, 2018 0:44 WSPC/INSTRUCTION FILE boosted
Riemann curvature of a boosted spacetime geometry 13
-4 -2 0 2 4
-4
-2
0
2
4
Y2
Y1
Fig. 1. Contour plot of the Kretschmann invariant numerically obtained with the following values
of parameters: a = 1, m = 0.1, Y3 = Y4 = 0 and v = 0.99. The dark purple zone represents the
circle of radius a where the Kretschmann invariant is not defined.
call “boosted horizon”, in the sense that all geodesics, despite maintaining their
completeness condition, are surprisingly pushed away from it.d We have also dis-
covered that the extension of the “boosted horizon” depends on the boost velocity
v, as we will shortly see. Since we have found that all geodesics are complete, ac-
cording to standard definitions of general relativity the “boosted horizon” is not
a singularity but, as we will show, it seems to be a sort of elastic wall which is
hit by all particles before they get away. We have observed this effect numerically,
by varying initial conditions of (3.2) and the boost velocity v, so as to reproduce
different physical situations. Figures 2 and 3 indeed represent one among the many
situations analyzed which witness this “antigravity” effect. Figures 2 and 3 show
in fact a particle initially lying on the Y1 = 0 line of Fig. 1 and having an initial
velocity directed toward the region where the Kretschmann invariant is not defined.
Strikingly, the solution “refuses” to be attracted by the 3-sphere but, regardless of
its initial velocity, the particle always arrives at a certain point and then it goes
away from it, as if an elastic wall were present. We propose to call this elastic wall
“boosted horizon”. The position of such a “boosted horizon” is independent of the
initial velocity of the particle, but depends only on the boost velocity v. In fact,
bearing in mind Fig. 1, both for particles coming from “above” (i.e. particles ini-
tially lying on the positive half-line Y2 > 0, Y1 = 0 and with Y
′
2(0) < 0) and for
those coming from “below” (i.e. particles initially lying on the negative half-line
Y2 < 0, Y1 = 0 and with Y
′
2(0) > 0), the position of the “boosted horizon” does not
dMore precisely, one defines an “event horizon” as the boundary of the causal past of future null
infinity [31]. In the ultrarelativistic regime we cannot say if this concept is still valid and hence
we talk about “boosted horizon” as the surface of spacetime surrounding the 3-sphere of radius a
where all geodesics, despite being complete, are pushed away.
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change, as Tab. 1 shows. We have numerically checked, for each line of Tab. 1, that
2 4 6 8 10 12
s1
2
3
4
5
Y2HsL
Fig. 2. Numerical solution of Eq. (3.2) for the function Y2(s) obtained in the Y1 − Y2 plane and
with initial conditions Y1(0) = Y3(0) = Y4(0) = 0, Y2(0) = 5, Y ′1(0) = Y
′
3
(0) = Y ′
4
(0) = 0 and
Y ′
2
(0) = −0.7. The values of parameters are a = 1, m = 0.1 and v = 0.9. It is possible to see an
“antigravity effect”, since the function Y2(s) is pushed away from the “boosted horizon”, which
is represented by the horizontal line located at Y2 = 2.12.
2 4 6 8 10
s-5
-4
-3
-2
-1
Y2HsL
Fig. 3. Numerical solution of Eq. (3.2) for the function Y2(s) obtained in the Y1 − Y2 plane and
with initial conditions Y1(0) = Y3(0) = Y4(0) = 0, Y2(0) = −5, Y ′1(0) = Y
′
3
(0) = Y ′
4
(0) = 0 and
Y ′
2
(0) = 0.9. The values of parameters are a = 1, m = 0.1 and v = 0.9. The function Y2(s) initially
moves toward the “boosted horizon”, i.e. the horizontal line at Y2 = −2.12, but then it is pushed
away.
the minimum distance of the particle from the boundary of the 3-sphere is always
bigger than its radius a, independently of the particle initial velocity. This means
that the “boosted horizon” is always outside the 3-sphere. For example, we find
that, when the boost velocity v = 0.5, the minimum distance dm = 3.1 when a = 1,
and it decreases monotonically as v increases or decreases, reaching a minimum
value of order 1.05÷ 1.10.
The situation becomes somewhat intriguing when the particle lies initially on
the Y2 = 0 line (see Fig. 1). In fact, in the cases in which the particle lies initially on
the positive half-line Y1 > 0, Y2 = 0, it always manages to hit the 3-sphere where
the Kretschmann invariant is not defined, even if its initial velocity is extremely
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boost velocity “boosted horizon” location
(Y2 coordinate)
0.9995 ± 1.02
0.9992 ± 1.02
0.9991 ± 1.02
0.999 ± 1.02
0.99 ± 1.41
0.9 ± 2.12
0.8 ± 2.33
0.7 ± 2.43
0.6 ± 2.48
0.5 ± 2.48
0.4 ± 2.42
0.3 ± 2.42
0.2 ± 2.34
0.1 ± 2.19
0.01 ± 1.52
0.00155 ± 1.00
0.001 ± 0.88
0.0001 ± 0.27
Table 1. Location of the “boosted horizon” as a function of the boost velocity v. The positive
sign refers to particles coming from “above” and the negative to those coming from “below”. The
values of parameters are a = 1 and m = 0.1.
low, as we can see from Fig. 4. After the particle reaches the 3-sphere, its geodesic
is not defined anymore and hence, according to definitions given above and those
of Appendix Appendix C, we can conclude that the 3-sphere of equation (Y1)
2 +
(Y2)
2+(Y3)
2+(Y4)
2 = a2 defines a “scalar curvature singularity” for our “boosted
geometry”, as we have guessed before.
When the particle lies initially on the negative half-line Y1 < 0, Y2 = 0, its
geodesic is not defined even before it reaches the 3-sphere (see Fig. 5). This means
that another “scalar curvature singularity” exists. Its position depends only on the
boost velocity v and not on the particle initial velocity. In any case, numerical
analysis shows that this kind of singularities exists only if the particle lies initially
on the Y2 = 0 line. We have repeated the same analysis also by putting Y1 = Y2 = 0
in the relations defining the curvature, i.e. in the Y3− Y4 plane, and we have found
the same “antigravity effect” of the previous cases, as shown in Figs. 6 and 7,
which represent some examples among the many situations numerically analyzed.
Interestingly, in this case we have found no “scalar curvature singularities”.
In the ultrarelativistic regime (v = 0.9999) the “antigravity effects” are still
present but, as is clear from Tab. 1, the position of the boosted horizon tends to
that of the singularity 3-sphere.
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Fig. 4. Numerical solution of Eq. (3.2) for the function Y1(s) obtained in the Y1 − Y2 plane and
with initial conditions Y1(0) = 5, Y2(0) = Y3(0) = Y4(0) = 0, Y ′1(0) = −0.01, Y
′
2
(0) = Y ′
3
(0) =
Y ′
4
(0) = 0. The values of parameters are a = 1, m = 0.1 and v = 0.99. The particle manages to
hit the 3-sphere, which is represented by the horizontal line Y1 = 1.
0.5 1.0 1.5 2.0 2.5
s
-5
-4
-3
-2
-1
0
Y1HsL
Fig. 5. Numerical solution of Eq. (3.2) for the function Y1(s) obtained in the Y1 − Y2 plane and
with initial conditions Y1(0) = −5, Y2(0) = Y3(0) = Y4(0) = 0, Y ′1(0) = 0.7, Y
′
2
(0) = Y ′
3
(0) =
Y ′
4
(0) = 0. The values of parameters are a = 1, m = 0.1 and v = 0.99. The particle does not
manage to hit the 3-sphere but disappears in correspondence of the Y1 = −2.5 line.
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s
-16
-14
-12
-10
-8
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Y3HsL
Fig. 6. Numerical solution of Eq. (3.2) for the function Y3(s) obtained in the Y3 − Y4 plane and
with initial conditions Y1(0) = Y2(0) = 0, Y3(0) = Y4(0) = −5, Y ′1(0) = Y
′
2
(0) = 0, Y ′
3
(0) =
Y ′
4
(0) = 0.566. The values of parameters are a = 1, m = 0.1 and v = 0.99. The “antigravity
effect” is once again evident.
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Fig. 7. Numerical solution of Eq. (3.2) for the function Y4(s) obtained in the Y3 − Y4 plane and
with initial conditions Y1(0) = Y2(0) = 0, Y3(0) = Y4(0) = −5, Y ′1(0) = Y
′
2
(0) = 0, Y ′
3
(0) =
Y ′
4
(0) = 0.566. The values of parameters are a = 1, m = 0.1 and v = 0.99. The “antigravity
effect” is once again evident.
4. The coordinate shift method
A really important issue related to “boosted geometries” is represented by the
occurrence of terms quadratic in Dirac’s δ distribution in the Riemann tensor,
which makes this object not defined. This Section has two purposes: on one hand
it elucidates a new equivalent method for describing the gravitational field of a
massless particle (showing that it gives the same results as the ones we have obtained
in the previous Sections with the boosting procedure), on the other hand it proposes
a recipe for the problem concerning the presence of products of two distributions
in the Riemann tensor.
The sources of gravitational (shock-) waves are massless particles moving along
a null surface such as a horizon in the case of black holes. Therefore, another way to
introduce a gravitational shock-wave is through a coordinate shift which reflects this
peculiarity. This method is equivalent to the scissors-and-paste approach introduced
by Penrose [29] and can be applied both to vacuum solutions of Einstein equations
[27] and in presence of matter fields and non-vanishing cosmological constant [28].
Following Refs. [27,28], we start with the line element
ds2 = 2A(u, v)dudv + g(u, v)hij(x)dx
idxj , (4.1)
with i, j = 1, 2 (hereafter v is a spacetime coordinate, unlike the previous Sections
where it indicates the boost velocity or the particle velocity). We also assume the
presence of some matter fields whose non-vanishing components of the energy-
momentum tensor are given by
T = 2 Tuv(u, v, x) dudv + Tuu(u, v, x) du
2 + Tvv(u, v, x) dv
2 + Tij(u, v, x) dx
idxj .
(4.2)
Consider a massless particle located at u = 0 and moving with the speed of light
in the v-direction. The coordinate shift method consists in making the ansatz ac-
cording to which for u < 0 the spacetime is still described by (4.1) and for u > 0
by (4.1) but with v shifted as v → v + f(x), where f(x) is a (shift) function to be
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determined. Therefore, the resulting line element reads as
ds2 = 2A(u, v + Θf)du
(
dv +Θf,idx
i
)
+ g(u, v +Θf)hij(x)dx
idxj , (4.3)
where Θ = Θ(u) is the Heaviside step function and
T =2 Tuv(u, v +Θf, x) du(dv +Θf,idx
i) + Tuu(u, v +Θf, x) du
2
+ Tvv(u, v +Θf, x) (dv +Θf,idx
i)2 + Tij(u, v +Θf, x) dx
idxj .
(4.4)
With the notation
uˆ = u, vˆ = v + f(x)Θ(u), xˆi = xi, (4.5)
the metric (4.3) assumes the handy form
ds2 = 2Aˆ duˆ
(
dvˆ − δ(uˆ)fˆduˆ
)
+ gˆ hˆij(x) dxˆ
idxˆj
= 2Aˆ duˆdvˆ + Fˆ duˆ2 + gˆ hˆij(x) dxˆ
idxˆj ,
(4.6)
and the energy-momentum tensor becomes
T = 2
(
Tˆuˆvˆ − Tˆvˆvˆ fˆ δˆ
)
duˆdvˆ+
(
Tˆuˆuˆ + Tˆvˆvˆ fˆ
2δˆ2 − 2Tˆuˆvˆ fˆ δˆ
)
duˆ2+Tˆvˆvˆdvˆ
2+Tˆijdxˆ
idxˆj ,
(4.7)
with Fˆ = F (uˆ, vˆ, xˆ) = −2 Aˆ fˆ δˆ and where the hats indicate that the corresponding
quantities are evaluated at uˆ, vˆ, xˆ and δˆ = δ(uˆ) is the δ distribution. We now demand
that the metric (4.6) satisfies Einstein equation where the energy-momentum tensor
is given by Eq. (4.7) plus the the energy-momentum tensor of the massless particle
located at the origin of the transverse x-space and at u = 0 and moving at the
speed of light in the v-direction
T p = T puudu
2 = Tˆ puˆuduˆ
2 = −4p Aˆ2δˆ(2)(xˆ)δˆ(uˆ)duˆ2, (4.8)
where p is the particle momentum. If we suppose that the parts of field equations
that do not involve the function f are automatically satisfied, we find, by examining
the terms linear in f δ, that the necessary and sufficient conditions for being able to
introduce a gravitational shock-wave via a coordinate shift amount to demand that
at u = 0 there exist the additional conditions (hereafter we drop the hat symbol to
simplify the notation)
g,v = A,v = Tvv = 0, (4.9)
△hijf −
g,uv
A
f = 32π p g A δ(2)(x), (4.10)
where
△hij =
1√
h
∂i
√
hhij∂j , (4.11)
is the Laplacian with respect to the 2-metric hij . A crucial point is represented by
the presence of δ2 type terms both in Riemann and in Ricci tensors (see Appendix
Appendix D). These terms must vanish in a distributional sense, otherwise these
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two tensors are not defined. By considering the conditions (4.9), it is easy to show
that the quantities
A,vv
A
,
A2,v
A2
,
g,v
g
,
A,v
A
appearing both in Riemann and in Ricci
tensors are of order O(u) or O(u2). Since all quantities involving δ terms should be
intended as distributions to be integrated over smooth functions, we can conclude
that all these δ2 terms give vanishing contribution and therefore both Riemann
and Ricci tensors turn out to be under control as functions (in a distributional
sense) of spacetime coordinates {u, v, x1, x2}, as advocated in Ref. [28]. The geodesic
equations for the metric (4.6) obtained by varying the coordinates v and xi are (dots
denote derivatives with respect to the affine parameter)
u¨+
A,u
A
u˙2 − g,v
2A
hij x˙
ix˙j + f
A,v
A
δ u˙2 = 0, (4.12)
x¨i + Γijkx˙
j x˙k +
g,u
g
u˙x˙i +
g,v
g
v˙x˙i +
A
g
δ f,ih
ij u˙2 = 0, (4.13)
where Γijk denote the Christoffel symbols (see Appendix A of Ref. [28] for their
lengthy expression); the geodesic equation obtained from the variation of u is
v¨ +
A,v
A
v˙2 − g,u
2A
hij x˙
ix˙j +
(
f
A,u
A
u˙2 − 2f A,v
A
u˙v˙ − 2f,iu˙x˙i − g,v
A
f hij x˙
ix˙j
)
δ
− fδ′u˙2 + 2f2 δ2 A,v
A
u˙2 = 0.
(4.14)
On performing the integration of the geodesic equations, it is possible to understand
how the original geometry (4.1) is affected by the presence of a massless particle
moving in the v-direction at u = 0. In fact, as the geodesic trajectory crosses the
null surface u = 0 there is a shift in its v-component expressed by the relation
∆v ≡ v|u=0+ − v|u=0− = f(x), (4.15)
and a refraction effect in the transverse x-plane expressed by the refraction function
Ri(x) ≡ dx
i
du
|u=0− −
dxi
du
|u=0+ =
A
g
|u=0 f,ihij , (4.16)
which measures the change of the angle that the trajectory forms with the u = 0
surface after having crossed it. Therefore, when a trajectory crosses the u = 0 null
surface its v component suffers from a discontinuity which, according to (4.15),
equals f(x), while the other components remain continuous. Moreover, Eq. (4.16)
expresses the fact that the directional derivatives of f(x) give information about
how much the xi components change direction along u while crossing the surface
u = 0.
The examples analyzed in Ref. [28] show that, in order to bring the metric (1.12)
in the form (4.1), we should introduce the function
F : r → F (r) = exp
[
1
a
∫
dr
ra2
(ra2 − r3 − 2ma2)
]
, (4.17)
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and the new independent variables
u = et/a F (r), v = e−t/a F (r). (4.18)
Bearing in mind these relation and Eq. (4.1), we have that
A(u, v) =
(
1− 2mr − r
2
a2
)
a2
2
F−2, (4.19)
g(u, v) = r2. (4.20)
By performing the integration, we have found that
F (r) = exp
(
a
r1(r3 − r2) log(r − r1) + r2(r1 − r3) log(r − r2) + r3(r2 − r1) log(r − r3)
(r1 − r2)(r1 − r3)(r2 − r3)
)
,
(4.21)
where r1,r2 and r3 are the three roots of the cubic equation
r3 − ra2 + 2ma2 = 0, (4.22)
whose value is given by
r1 =
1
31/3
(
a2
Υ
+
Υ
31/3
)
, (4.23)
r2,3 =
1
2
1
31/3
(
−
(
1± i√3 ) a2
Υ
−
(
1∓ i√3 )Υ
31/3
)
, (4.24)
where Υ is defined as
Υ ≡
(
−9a2m+
√
3
√
27a4m2 − a6
)1/3
. (4.25)
In other words, Eqs. (4.23)–(4.24) describe the three (null) surfaces where the metric
(1.12) blows up, and hence the three horizons that characterize this geometry. With
the hypothesis a/m >
√
27 (which is respected by the choice a = 1 and m = 0.1
adopted in the last Section) the discriminant of (4.22) becomes negative and then
(4.23)–(4.24) turn out to be real roots. This condition allows us to write the roots
(4.23)–(4.24) in trigonometric form. We obtain
r1 =
2a√
3
cos
(ϕ
3
)
, (4.26)
r2,3 = − 2a√
3
cos
(
ϕ∓ π
3
)
= − a√
3
(
cos
ϕ
3
±
√
3 sin
ϕ
3
)
, (4.27)
where cosϕ =
√
27m/a. Note also that the roots (4.23)–(4.24) are characterized by
the fact that r1 + r2 + r3 = 0 and r1r2r3 = −2ma2. Now we can write (4.21) as
F (r) =
3∏
i=1
(r − ri)ki , (4.28)
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where the three constants ki (i = 1, . . . , 3) are given by
k1 =
ar1(r3 − r2)
kr
, (4.29)
k2 =
ar2(r1 − r3)
kr
, (4.30)
k3 =
ar3(r2 − r1)
kr
, (4.31)
with kr = (r1 − r2)(r1 − r3)(r2 − r3). Therefore, bearing in mind (4.18) and (4.19)
we have that
A(u, v) = − 1
2r
3∏
i=1
(r − ri)1−2ki , (4.32)
u = et/a
3∏
i=1
(r − ri)ki , (4.33)
v = e−t/a
3∏
i=1
(r − ri)ki , (4.34)
and in particular we can satisfy the condition u = 0 for r = ri (i = 1, . . . , 3). Next,
before writing down the equation satisfied by the shift function f(θ), we have to
show that conditions (4.9) are satisfied. Having obtained the following relations for
the derivatives:
d
du
=
1
2
(
a e−t/a
F (r)
d
dt
+
e−t/a
F ′(r)
d
dr
)
, (4.35)
d
dv
=
1
2
(−a et/a
F (r)
d
dt
+
et/a
F ′(r)
d
dr
)
, (4.36)
we find that
g,v = e
t
a
r(r − r1)1−k1(r − r2)1−k2(r − r3)1−k3
k1(r − r2)(r − r3) + k2(r − r1)(r − r3) + k3(r − r1)(r − r2) , (4.37)
and therefore
lim
u→0
g,v = 0 iff ki < 1. (4.38)
Moreover,
A,v = e
t
a
(r − r1)1−3k1(r − r2)1−3k2 (r − r3)1−3k3
4r2 [k1(r − r2)(r − r3) + (r − r1)(k2(r − r3) + k3(r − r2)]2
F , (4.39)
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where F = F(r, ri, ki) is a function of r, the roots (4.23)–(4.24) and the constants
ki (which tend to a constant when r → ri), whose particular form is not of any
special interest now. We can conclude that
lim
u→0
A,v = 0 iff ki < 1/3. (4.40)
By virtue of (4.38) and (4.40) we can say that conditions (4.9) are satisfied provided
that
ki < 1/3, (i = 1, . . . , 3). (4.41)
By applying the shift coordinate method to the metric (1.12), we obtain the de-
sired shock wave geometry and we find that the partial differential equation (4.10)
satisfied by the shift function f(θ) becomes
△(2)f − c f = 2πkδ(ξ − 1)δ(φ), (4.42)
with
△(2) = ∂ξ(1− ξ2)∂ξ +
∂2φ
(1− ξ2) , with ξ = cos θ, (4.43)
being the Laplacian on the unit 2-sphere having metric ds2 = dθ2 + sin2 θdφ2, and
k and c being real constants. This equation represents the usual Legendre equation
of order n (n being a solution of n(n + 1) + c = 0) with a Dirac’s δ appearing on
the right-hand side. Therefore, its solutions depend strongly on the values assumed
by the constant c and can be given in terms of Legendre polynomials as
f(θ; c) = −k
+∞∑
l=0
(
l +
1
2
)
[l(l + 1) + c]
Pl(cos θ), c ∈ R− {−N(N + 1), N = 0, 1, ...}.
(4.44)
In the case of Schwarzschild-de Sitter black hole, (4.42) depends on the ratio a/m
and thus possesses two branches of solutions for the constants c and k. In the branch
where the null surface is described by a positive value of r we have that
c =
(r1 − r3)(r3 − r2)
a2
= 2 sin
(ϕ
3
) [√
3 cos
(ϕ
3
)
− sin
(ϕ
3
)]
, (4.45)
while the constant k is always positive, with precise value which is not of particular
interest. The inequality a/m >
√
27 is equivalent to the obvious condition cosϕ <
1, moreover the null hypersurface u = 0 where the massless particle is placed
corresponds to r = r3 (see Eq. (4.27)). The condition r3 > 0 implies that (for
positive values of m and a ) ϕ ∈ (π/2, 3
2
π], so that
c ∈ (−2, 0) ∪ (0, 1) if ϕ ∈ (π/2, π) ∪ (π, 3
2
π). (4.46)
The boundary cases c = −2 (ϕ = 3
2
π) and c = 1 (ϕ = π/2) correspond to de
Sitter spacetime and Schwarzschild black hole, respectively, whereas the case c = 0
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(ϕ = π) is similar to the extremal Reissner-Nordstro¨m charged black hole. The shift
function f(θ) is given by Eq. (4.44). For
1
4
≤ c < 1, an integral representation of
the solution is given by [28]
f(θ; c) =
−k√
2
+∞∫
0
ds cos(
√
c− 1/4 s) 1√
cosh s− cos θ
=
−kπ
2 cosh(
√
c− 1/4 π)F (1/2− i
√
c− 1/4, 1/2 + i
√
c− 1/4; 1; cos2 θ
2
),
(4.47)
where F (a, b; c; z) is the Gaussian or ordinary hypergeometric function. For 0 < c ≤
1
4
the solution is given by replacing
√
c− 1/4 by i
√
1/4− c and the trigonometric
functions by hyperbolic ones, and vice versa. In both cases the shift function blows
up at the point of the unit 2-sphere where the particle is located, i.e. at the northern
pole θ = 0. Moreover, it is everywhere negative and for fixed c it is a monotonically
increasing function of θ ∈ [0, π], approaching a nonvanishing constant at θ = π. For
fixed θ it also monotonically increases as a function of c ∈ (0, 1). The refraction
function (4.16) is given by
R(θ; c) =
(
A
g
)
u=0
∂θf(θ; c). (4.48)
It is a monotonically decreasing function of θ such that lim
θ→0
R(θ; c) = +∞ and
lim
θ→pi
R(θ; c) = 0. Thus, both the shift function and the refraction function blow
up at θ = 0 and reach their minimum magnitudes at the southern pole θ = π,
where the refraction phenomenon disappears even if a particle trajectory is still
discontinuous since f(π; c) 6= 0. For −2 < c < 0, the shift function is given by the
integral representation
f(θ; c) =
−k
2c
− k
+∞∫
0
ds cosh(
√
1/4− c s)
(
1/
√
2√
cosh s− cos θ − e
−s/2
)
. (4.49)
The solution again blows up at θ = 0 and it monotonically increases as we move
from θ = 0 to θ = π. Moreover, it changes from negative to positive values at
an angle θ0 that depends on the value assumed by the constant c and reaches its
minimum at θ = 0. On the other hand, the refraction function is a monotonically
decreasing function of θ.
As we can see, the conditions found in this Section via the coordinate shift
method are not in contrast with the results obtained through the boosting procedure
of the previous Sections. We have shown in fact that the “boosted horizon” gives
rise to a sort of “antigravity effect” which, in light of the results displayed in this
Section, can be read as the refraction phenomenon described by the function (4.16).
It is an important result the fact these effects take place in nonsingular region of
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spacetime, i.e. the “boosted horizon” (for the boosting picture) and at the null
hypersurface u = 0 (in the coordinate shift method). Moreover, the presence of
the singularity 3-sphere where the Kretschmann invariant is not defined could be
probably related to the discontinuity of the v component defined by Eq. (4.15). The
fact that in the ultrarelativistic regime the “boosted horizon” and the singularity
3-sphere positions’ get blurred (as shown in Sec. III) represents a clue in favour
of this hypothesis. To make more clear the equivalence between the boost and the
coordinate shift method, one should be able to relate the {u, v, x1, x2} coordinates
of the metric (4.6) with the {Y1, Y2, Y3, Y4} coordinates of the four-dimensional
metric components (2.21)–(2.30). This can be done with the help of the results of
Appendix Appendix E. Therefore, by exploiting the equivalence between the two
methods and the relations relating the two sets of coordinates, it is possible to relate
all the results obtained through the coordinate shift method to those achieved with
the boosting procedure. This means that also the considerations about how handling
the δ2 terms in the Riemann tensor are valid also if we use the boost picture. Thus,
the severe singularities of the Riemann tensor associated with metric (1.13) can be
considered to be under control.
5. Concluding remarks and open problems
We have numerically evaluated, for the first time in the literature, the Riemann
curvature of a boosted spacetime in the ultrarelativistic limit v → 1, starting from
Schwarzschild-de Sitter spacetime metric (1.12). We have exploited the fact that a
de Sitter spacetime can be seen as a four-dimensional hyperboloid embedded in a
flat five-dimensional spacetime and satisfying the constraint (2.2). After that, we
have introduced the boosting procedure through the relations (2.15)–(2.17) which
make it possible to obtain the boosted Schwarzschild-de Sitter metric (2.18), whose
ultrarelativistic limit is represented by (1.13). By exploiting the hyperboloid con-
straint (2.2) we have then expressed (2.18) in the manifestly four-dimensional form
(2.21)–(2.30). By virtue of (2.2), the metric components (2.21)–(2.30) are defined
only if σ > 0, σ being defined by relation (2.19). This fact is strictly related to
inequality (3.3). In fact, {∂/∂Yµ} being a coordinate basis, we have numerically
computed the Riemann curvature tensor by using the usual relations of general
relativity, and to better understand the features of curvature we have studied both
the Kretschmann invariant and the geodesic equation (3.2). We have indeed found
that the Kretschmann invariant is not defined unless (3.3) holds and thus we have
just concluded that there exists a 3-sphere of radius a where the spacetime pos-
sesses a “scalar curvature singularity”. In fact, from the numerical analysis of the
geodesic equation, we have found that if the particle lies initially on the positive
half-line Y1 > 0, Y2 = 0 of Fig. 1 it always reaches the 3-sphere (Fig. 4). After that,
its geodesic is no longer defined and hence we can conclude that the 3-sphere of
equation (Y1)
2+(Y2)
2+(Y3)
2+(Y4)
2 = a2 defines a “scalar curvature singularity”
for the “boosted geometry” under investigation. When the particle lies initially on
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the negative half-line Y1 < 0, Y2 = 0, its geodesic is not defined even before it man-
ages to reach the 3-sphere (see Fig. 5): there exists a “scalar curvature singularity”
whose position depends on the boost velocity v.
We have also discovered that “boosted geometries” are characterized by the
presence of a sort of elastic wall surrounding the 3-sphere whose coordinates depend
only on the boost velocity (see Tab. 1). All geodesics indeed, despite being complete,
are always pushed away from there, as Figs. 2 and 3 show. We propose to call this
barrier “boosted horizon” because, as in the case of Schwarzschild geometry, it is
not a singularity of spacetime, but it is related to a sort of “antigravity effect” that
should rule “boosted geometries”.
As we know, boosted geometries are ruled by the fact that both the spacetime
metric and the Riemann curvature tensor assume a distributional nature in the
ultrarelativistic regime. This regime is still ruled by “antigravity effects”, with the
peculiarity that “boosted horizon” and singularity 3-sphere tend to overlap.
In the last part of the paper we have analyzed the geometry of the metric
(1.12) through the coordinate shift method. We have shown that this new picture
is equivalent to the boosting procedure and we have demonstrated how it solves
the problem of the presence of δ2 terms in the Riemann tensor. In particular, the
“antigravity effects” emerged at the “boosted horizon” have been ascribed to the
refraction phenomenon described by the function (4.16). Moreover, the fact that
in the ultrarelativistic regime the “boosted horizon” position’s tends to that of
the singularity 3-sphere could be related to the fact that, in the coordinate shift
method picture, when the particle crosses the null surface located at u = 0 it
suffers a discontinuity in its v-component (Eq. (4.15)) while the xi components are
refracted according to (4.16). This is a really delicate point as, unlike the singularity
3-sphere, both the null hypersurface u = 0 (coordinate shift method) and our
“boosted horizon” (boosted picture) do not define a spacetime singularity, and we
feel that some more efforts should be produced in this direction. The equivalence
between the two methods (demonstrated in Ref. [27]), which can be formally made
manifest for our “boosted geometry” by the results of Appendix Appendix E, has
enabled us to conclude that the Riemann tensor associated with metric (1.13) is
defined and has a behavior under control.
We suppose that “antigravity effects” may result from the term Λ = 3/a2 >
0 occurring in the Schwarzschild-de Sitter metric (1.12) (a positive cosmological
constant Λ represents a repulsive interaction), while “scalar curvature singularities”
might be related to the presence of a more exotic object, i.e. a firewall [38,39,
40], which can be a possible solution to an apparent inconsistency in black hole
complementarity [41,42].
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Appendix A. The Riemann curvature tensor
Since our paper is addressed to a wide physics audience, we recall here some basic
properties of pseudo-Riemannian geometry. The Riemann tensor can be defined in
various alternative (and equivalent) ways [30], [43]. First, it can be defined as the
map R : X (M)⊗X (M)⊗X (M)→ X (M) (X (M) being the set of all vector fields
defined on the manifold M) such that
R(X,Y, Z) ≡ ∇X∇Y Z −∇Y∇XZ −∇[X,Y ]Z. (A.1)
In the case in which [X,Y ] = 0, the previous formula reduces to
R(X,Y, Z) ≡ ∇X∇Y Z −∇Y∇XZ. (A.2)
Therefore, we can say that the Riemann tensor measures the failure of successive
operations of differentiation to commute when applied to a dual vector field (which
can be interpreted as the integrability obstruction for the existence of an isometry
with Euclidean space), that is (in abstract index notation)
∇a∇b ωc −∇b∇a ωc = −Rdcab ωd. (A.3)
Moreover, we can say that the failure of a vector to return to its original value
when parallel transported around a small closed loop is directly connected to the
Riemann tensor, which is in this way related to the path dependence of parallel
transport. We can easily construct a small closed loop at p ∈M by choosing a two-
dimensional surface S through p and choosing coordinates t and s in the surface.
Next we construct the loop by moving of a quantity ∆t along the s = 0 curve,
followed by moving ∆s along the t = ∆t curve and then we revert by ∆t and ∆s.
If we consider the vector va at p and parallel trasport it around the closed loop
we have just constructed, the change δva to second order in the displacement ∆t,
∆s that we register when we revert to the starting point involves once again the
Riemann tensor, because we have
δva = ∆t∆s vd T c Sb Radcb, (A.4)
where T c, Sb indicate the tangent to the curves of constant s and t, respectively.
Finally, the Riemann tensor appears also in the geodesic deviation equation, the
equation which measures the tendency of geodesics to accelerate toward or away
from each other. If γs(t) denotes a smooth 1-parameter family of geodesics such
that for each s ∈ R the curve γs is a geodesic with affine parameter t, the geodesic
deviation equation reads as
ac ≡ T a∇a(T b∇bXc) = RcdefT dT eXf , (A.5)
where ac is the relative acceleration of an infinitesimally nearby geodesic in the
family, Xa = ∂xa(s, t)/∂s is the deviation vector (xa(s, t) being the coordinates
of one geodesic of the family γs(t)) and T
b = ∂xa(s, t)/∂t represents the vector
tangent to the geodesic. Therefore the equation (A.5) states that, if the curvature
does not vanish, some initially parallel geodesics will fail to remain parallel: in the
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presence of a gravitational field the fifth postulate of Euclidean geometry is no
longer valid.
Appendix B. The tetrad formalism
In most situations a curvature calculation that relies upon Christoffel symbols is
extremely lengthy and not obviously feasible or readable. However, the tetrad for-
malism is known to simplify such a task, at least when the metric does not possess
distributional singularities. Thus, this appendix is devoted to some effort we made
to express the highly singular ultrarelativistic boosted metric (1.13) in terms of
tetrads.
As in the case of the boosted metric (2.18), starting from the ultrarelativistic
metric (1.13) we can arrive at its manifestly four-dimensional form by exploiting
(2.19) and (2.20) and hence we can eventually write the covariant metric compo-
nents in the concise form
gkk = 1− Y
2
k
σ(Yj)
+
(
Y 2k
σ(Yj)
+ δ1k
)
f(Y4)δ
(
Y1 +
√
σ(Yj)
)
, ∀k = 1, 2, 3, 4, (B.1)
g1k = − Y1Yk
σ(Yj)
+
(
Y1√
σ(Yj)
+ 1
)
Yk√
σ(Yj)
f(Y4)δ
(
Y1+
√
σ(Yj)
)
, ∀k = 2, 3, 4, (B.2)
g2k = − Y2Yk
σ(Yj)
+
Y2Yk
σ(Yj)
f(Y4)δ
(
Y1 +
√
σ(Yj)
)
, ∀k = 3, 4, (B.3)
g34 = − Y3Y4
σ(Yj)
+
Y3Y4
σ(Yj)
f(Y4)δ
(
Y1 +
√
σ(Yj)
)
, (B.4)
where
f(Y4) ≡ 4p
[
−2 + Y4
a
log
(
a+ Y4
a− Y4
)]
. (B.5)
Since all components of this metric are nonvanishing, at this stage we still assume
the existence of tetrad covectors eaµ such that the covariant form of the metric reads
as
gµν = e
a
µe
b
νηab, (B.6)
a, b being Lorentz-frame indices, and ηab being the familiar Minkowski metric
diag(−1, 1, 1, 1). By comparison of the formulae (B.1)–(B.4) with (B.6) we find
that one can set
e0k =
Yk√
σ(Yj)
, ∀k = 1, 2, 3, 4, (B.7)
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while the other components of the singular, distribution-valued limit of tetrad cov-
ectors solve the following nonlinear algebraic system:(
e1k
)2
+
(
e2k
)2
+
(
e3k
)2
= 1+
(
Y 2k
σ(Yj)
+ δ1k
)
f(Y4)δ
(
Y1+
√
σ(Yj)
)
, ∀k = 1, 2, 3, 4,
(B.8)
3∑
i=1
ei1e
i
k =
(
Y1√
σ(Yj)
+ 1
)
Yk√
σ(Yj)
f(Y4)δ
(
Y1 +
√
σ(Yj)
)
, ∀k = 2, 3, 4, (B.9)
3∑
i=1
ei2e
i
k =
Y2Yk
σ(Yj)
f(Y4)δ
(
Y1 +
√
σ(Yj)
)
, ∀k = 3, 4, (B.10)
3∑
i=1
ei3e
i
4 =
Y3Y4
σ(Yj)
f(Y4)δ
(
Y1 +
√
σ(Yj)
)
. (B.11)
Since the system (B.8)–(B.11) consists of 10 equations for the 12 unknown tetrad
covectors, it is possible to find at least a particular solution. Now, once we get such
a solution, the procedure should be as follows. As we know from general relativity,
whenever the spacetime manifold is parallelizable, we can always introduce a set
of Lorentz frames [44], so that the spin-connection 1-form ωab = ωabµ dx
µ obtained
from requiring that the torsion 2-form should vanish has components [45]
ωabµ =
1
2
eaν
(
ebν,µ−ebµ,ν
)
− 1
2
ebν
(
eaν,µ−eaµ,ν
)
+
1
2
eaνebσ
(
ecν,σ−ecσ,ν
)
ecµ, (B.12)
where
eaν = ηabeνb, ecµ = e
a
µηac, (B.13)
the tetrad vectors eµa being computable by comparison from the relation
dxµ = eµae
a, (B.14)
which holds by virtue of the definition of tetrad 1-forms
ea ≡ eaµdxµ, (B.15)
jointly with [45]
eρae
a
µ = δ
ρ
µ. (B.16)
At this stage, we should be able to perform the curvature calculation bearing in
mind that the Riemann curvature is described by the 2-form
Rab =
1
2
Rabµνdx
µ ∧ dxν , (B.17)
where the components are given by
Rabµν =
(
ωabν,µ − ωabµ,ν
)
+ ηcd
(
ωbdµ ω
ca
ν − ωadµ ωcbν
)
. (B.18)
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By virtue of Secs. II and III, the singular limit of the curvature 2-form is a nontrivial
mathematical object, since it involves the Dirac delta distribution, its fractional
powers and its derivatives. Finally, the Riemann curvature tensor Rµνρσ can be
obtained from the identity
Rµνρσ e
a
µ = R
a
bρσ e
b
ν . (B.19)
Appendix C. The b-completeness of spacetime
The b-boundary construction is a device to attach to any spacetime a set of bound-
ary points. Such a boundary point can be considered as an equivalence class of
inextendible curves in a spacetime, whose affine length is finite [31,35].
Let λ(t) be a C1 curve through a point p of a manifold M and let {Eµ} (as
before µ = 1, 2, 3, 4) be a basis for the tangent vector space at p to the manifold,
TpM . We can propagate {Eµ} along λ(t) to obtain a basis for Tλ(t)M, ∀t. Then
any V = (∂/∂t)λ(t) ∈ Tλ(t)M can be expressed as V = V µ(t)Eµ and we can define
a generalized affine parameter u on the curve λ(t) by
u =
∫
p
(∑
µ
VµV
µ
)1/2
dt. (C.1)
Let {Eµ′} be another basis of TpM . Then there exists some nonsingular matrix Aµν
such that
Eν =
∑
µ′
Aµ
′
νEµ′ . (C.2)
As {Eµ′} and {Eµ} are parallely transported along λ(t), this relation is valid with
constant Aµν and hence we have
V µ
′
(t) =
∑
ν
Aµ
′
νV
ν(t). (C.3)
Since Aµν is nonsingular, there exists some constant C > 0 such that
C
∑
µ
VµV
µ ≤
∑
µ′
Vµ′V
µ′ ≤ C−1
∑
µ
VµV
µ. (C.4)
Thus, the length of a curve λ is finite in the parameter u if and only if it is finite
in the parameter u′. If λ is a geodesic then u becomes its affine parameter, but
the definition given above is still valid since it has been formulated in terms of a
general parameter u defined on any C1 curve. Therefore, we say that a spacetime
(M, g) is b-complete if there exists an endpoint for every C1 curve of finite length
as measured by a generalized affine parameter. We have that b-completeness im-
plies g-completeness (short for geodesic completeness), but the converse is not true.
Therefore, we can define a spacetime to be singularity-free if it is b-complete. This
means that g-completeness represents the minimum condition for a spacetime to
be considered singularity-free.
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Appendix D. δ2 terms in Riemann and Ricci tensors
We find that the only Riemann tensor components of the metric (4.6) depending
on δˆ2 = δ2(uˆ) are given by (we drop the hat symbol to ease the notation)
Rvuvu = 2
(
A,uv − A,uA,v
A
)
fδ + 2
(
A,vv
A
− A
2
,v
A2
)
f2δ2, (D.1)
Rvuxiu =
(
2
A,v
A
− g,v
g
)
f,xifδ
2, (i = 1, 2), (D.2)
Rx
i
uxiu =
(
g,v
g
A,v
A
)
f2δ2 + . . . (terms at most linear in δ), (i = 1, 2). (D.3)
Therefore the only Ricci tensor component having δ2 terms is
Ruu =
∑
ρ
Rρuρu = R
v
uvu +R
x1
ux1u +R
x2
ux2u
= 2
(
A,vv
A
− A
2
,v
A2
+
g,v
g
A,v
A
)
f2δ2 + . . . (terms at most linear in δ).
(D.4)
Appendix E. Coordinate transformations
In order to express the {uˆ, vˆ, θˆ, φˆ} coordinates characterizing the metric (4.6) in
terms of {Y1, Y2, Y3, Y4} (which are the coordinates describing (2.21)–(2.30)), we
start by inverting (2.15)–(2.17), yielding easily
Y0 = γ (Z0 − vZ1) , (E.1)
Y1 = γ (Z1 − vZ0) , (E.2)
Y2 = Z2, Y3 = Z3, Y4 = Z4. (E.3)
By using (2.3)–(2.7) jointly with (E.1)–(E.3) we obtain that
Y0 = γ
(√
a2 − r2 sinh(t/a)− vr cos θ
)
, (E.4)
and
Y1 = γ
(
r cos θ − v
√
a2 − r2 sinh(t/a)
)
, (E.5)
Y2 = r sin θ cosφ, (E.6)
Y3 = r sin θ sinφ, (E.7)
Y4 =
√
a2 − r2 cosh(t/a). (E.8)
Thus, bearing in mind that Eq. (1.14) allows us to get rid of the Y0 coordinate, if
we want to obtain {t, r, θ, φ} coordinates of Schwarzschild-de Sitter metric (1.12)
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as functions of {Y1, Y2, Y3, Y4} we have to invert relations (E.5)–(E.8). First of all,
by exploiting (2.15)–(2.17), the condition r2 = (Z1)
2 + (Z2)
2 + (Z3)
2 becomes
r2 = γ2(v
√
σ + Y1)
2 + (Y2)
2 + (Y3)
2, (E.9)
whereas on using (E.6) and (E.7) we obtain
r2 =
(Y2)
2 + (Y3)
2
sin2 θ
, (E.10)
therefore a comparison of (E.9) and (E.10) yields
sin2 θ =
(Y2)
2 + (Y3)
2
γ2(v
√
σ + Y1)2 + (Y2)2 + (Y3)2
, (E.11)
whose solutions are given by
θ = ∓ arcsin
(√
(Y2)
2 + (Y3)
2
γ2(v
√
σ + Y1)2 + (Y2)2 + (Y3)2
)
+ 2πn, (n integer), (E.12)
θ = π ∓ arcsin
(√
(Y2)
2 + (Y3)
2
γ2(v
√
σ + Y1)2 + (Y2)2 + (Y3)2
)
+ 2πn, (n integer), (E.13)
therefore at this stage from (E.8) we straightforwardly obtain the relations for t,
i.e.
t = a
[
∓arccosh
(
Y4√
a2 − r2
)
+ 2πin
]
, (n integer), (E.14)
and eventually from (E.7) we get
φ = arcsin
(
Y3
r sin θ
)
+ 2πn, (n integer), (E.15)
φ = π − arcsin
(
Y3
r sin θ
)
+ 2πn, (n integer). (E.16)
Thus, Eqs. (E.9), (E.12) and (E.13), (E.14), (E.15) and (E.16), represent the re-
lations which link {t, r, θ, φ} to {Y1, Y2, Y3, Y4} coordinates. By exploiting these
relations, it is possible to express the {uˆ, vˆ, θˆ, φˆ} coordinates as functions of
{Y1, Y2, Y3, Y4} and to define the equivalence between the boosting procedure and
the coordinate shift method.
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